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class of functions.

At the present time convex functions play a key role in different areas of mathematics
like functional analysis, complex analysis and differential equations among others.
They find applications in disciplines as economy, biology, physics, and optimization
[3, 7, 15].

We recall that a function f : I ⊆ R→ R is said to be convex on I if

f(tx+ (1− t)y) ≤ tf(x) + (1− t)f(y),

for any x, y ∈ I, t ∈ [0, 1], I being an interval [5, 8, 10, 11, 14] and references therein.
Different types of convexity have been object of study and research by many authors
for quite long period of time, we may mention strongly convex functions, midconvex
functions, s and m-convex functions only to name few of them [2, 5, 9, 17] and
reference therein.

Recently, the theory of fractal sets has called the interest of different class of
researchers whose have found many applications, we may cite [1, 4, 6, 9, 18] and
many more.

In this paper we set some algebraic and topological properties of convex functions
defined on fractal sets, show that these functions in this context are bounded and
Lipschitz on any compact interval [a, b] in the corresponding domain; some few
inequalities are established as well. Our results are inspired basically on similar
results for convex functions defined on real intervals

Recently, [18] studies local fractional functions on fractal sets and introduces the
theory of fractal sets in the following way. For 0 < α ≤ 1, the so called α-type sets
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these  type  of  functions  are  named  generalized  convex  functions  on  fractal  sets.
Our results deal with algebraic properties,  boundedness and lipschitzity of this



are defined

Zα = {0α,±1α,±2α, · · · ,±nα, · · · } (integers numbers of α-type).

Qα =

{
mα =

(
p

q

)α
: p, q ∈ Z, q 6= 0

}
(rational numbers of α-type).

Jα =

{
mα 6=

(
p

q

)α
: p, q ∈ Z, q 6= 0

}
(irrational numbers of α-type).

Rα = Qα ∪ Jα = {aα : a ∈ R} (real numbers of α-type).

Any subset of Rα will be called a fractal set [4, 18, 19]. If aα, bα and cα are in Rα

then [13, 18, 19], the following properties take place,

(1) aα + bα y aαbα are in Rα as well.
(2) aα + bα = bα + aα = (a+ b)α = (b+ a)α.
(3) aα − bα = (a− b)α.
(4) aα + (bα + cα) = (aα + bα) + cα.
(5) aαbα = bαaα = (ab)α = (ba)α.
(6) aα (bαcα) = (aαbα) cα.
(7) aα (bα + cα) = aαbα + aαcα.
(8) aα + 0α = 0α + aα = aα y aα1α = 1αaα = aα.

Remark 1. The above listed properties come out as consequence of properties of
mass function γα(F, a, b) where F is a fractal set, a and b are real numbers; details
may be seen in [13]. In particular, item (2) follows from the local fractional integral
and its properties given in [18, 19].

Definition 2. ([9]) Let f : I ⊆ R → Rα be a function, f is called generalized
convex on I if for any x, y ∈ I and t ∈ [0, 1],

f(tx+ (1− t)y) ≤ tαf(x) + (1− t)αf(y).

The set of all generalized convex functions defined on I will be denoted as GCα(I).
In other words,

GCα(I) = {f : I ⊆ R→ Rα : f is generalized convex on I} .

In a similar manner a function g : I ⊆ R→ Rα is named generalized concave on I
if for any x, y ∈ I, t ∈ [0, 1]

f(tx+ (1− t)y) ≥ tαf(x) + (1− t)αf(y).

The function

f(x) = x2α, x ≥ 0, 0 < α ≤ 1

given in [9, 16], is shown to be generalized convex. More over, the case α = 1
corresponds to a known convex functions while if α = 1

4
f becomes a concave

function (therefore, non convex ) and illustrates that the class of generalized convex
functions is different from the set of convex ones.
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In this section we show some basic results involving generalized convex functions,
particularly concerning addition, product, and composition, the same are inspired
in similar results for convex functions on the real line [8, 10, 14].

Proposition 3. Si f, g ∈ GCα(I) then

(1) f + g ∈ GCα(I).
(2) If k ∈ Rα, kf ∈ GCα(I).

Definition 4. ([12, 15]) Two given functions f and g are said to be similarly ordered
if (f(x)− f(y))(g(x)− g(y)) ≥ 0, for any x, y ∈ Dom(f) = Dom(g).

Proposition 5. If f and g are similarly ordered and f, g ∈ GCα(I), then fg ∈
GCα(I).

Proof. Let x, y ∈ I y t ∈ [0, 1] so,

(fg)(tx+ (1− t)y) = f(tx+ (1− t)y)g(tx+ (1− t)y)

≤ tα (tα(fg)(x) + (1− t)α(fg)(x)) + (1− t)α(tα(fg)(y)

+(1− t)α(fg)(y))

= tα(fg)(x) + (1− t)α(fg)(y).

�

Proposition 6. Let I ′ be an interval, f ∈ GCα(I ′), g : I → I ′, with f be non
decreasing and g convex functions respectively, ,then f ◦ g ∈ GCα(I).

Proof. Let x, y ∈ I, t ∈ [0, 1], since g is convex

g(tx+ (1− t)y) ≤ tg(x) + (1− t)g(y).

On the other hand, being f non decreasing in GCα(I ′)

(f ◦ g)(tx+ (1− t)y) = f(g(tx+ (1− t)y))

≤ f (tg(x) + (1− t)g(y))

≤ tα(f ◦ g)(x) + (1− t)α(f ◦ g)(y).

�

Proposition 7. If
{
fn
}+∞
n=1

is a sequence in GCα(I) pointwise converging to func-
tion f : I → Rα, then f ∈ GCα(I).

Basic rules
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Proof. For x, y ∈ I, t ∈ [0, 1] and lim
n→∞

fn(x) = f(x),

f(tx+ (1− t)y) = lim
n→∞

fn(tx+ (1− t)y)

≤ lim
n→∞

[tαfn(x) + (1− t)αfn(y)]

= tαf(x) + (1− t)αf(y),

and we are done. �

This section is devoted to establish and show our main results, among them some
characterizations and boundedness of generalized convex functions on compact in-
tervals. Incoming two results are similar to those given in [10] and references therein
for convex functions

Theorem 8. For f ∈ GCα(I); x, y, z ∈ I y t ∈ [0, 1], the following statements are
equivalent

(1) f ∈ GCα(I).

(2) f(x+ t(y − x)) ≤ f(x) + tα(f(y)− f(x)).

(3) f(sx+ ty) ≤ sαf(x) + tαf(y), and s+ t = 1.

(4)

∣∣∣∣∣∣
xα −f(x) 1
yα −f(y) 1
zα −f(z) 1

∣∣∣∣∣∣ = (y − z)αf(x) + (z − x)αf(y)− (y − x)αf(z) ≥ 0.

(5)

f(x, y, z) =
f(x)

(z − x)α(y − x)α
+

f(y)

(y − z)α(y − x)α
− f(z)

(y − z)α(z − x)α
≥ 0.(1)

Proof. (1)⇒ (2). Is immediate.
(2)⇒ (3). Since s+ t = 1, s = 1− t and by using (2)

f(x+ t(y − x)) = f(ty + (1− t)x)

≤ f(x) + tα(f(y)− f(x))

= sαf(x) + tαf(y).

(3) ⇒ (4). For x, y, z ∈ I with x < z < y there is t ∈ [0, 1] such that z =
tx+ (1− t)y, hence t = y−z

y−x and 1− t = z−x
y−x . Therefore,

f(z) = f(tx+ (1− t)y)

= f

(
y − z
y − x

x+
z − x
y − x

y

)
≤

(
y − z
y − x

)α
f(x) +

(
z − x
y − x

)α
f(y).

Main results
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or better,

(y − z)αf(x) + (z − x)αf(y)− (y − x)αf(z) ≥ 0.

But ∣∣∣∣∣∣
xα −f(x) 1
yα −f(y) 1
zα −f(z) 1

∣∣∣∣∣∣ = (y − z)αf(x) + (z − x)αf(y)− (y − x)αf(z) ≥ 0.

(4)⇒ (5). Is trivial
(5)⇒ (1). Multiplying (1) by (y − z)α(z − x)α(y − x)α ≥ 0, we obtain

(y − z)αf(x) + (z − x)αf(y)− (y − x)αf(z) ≥ 0,

that is,

f(z) ≤
(
y − z
y − x

)α
f(x) +

(
z − x
y − x

)α
f(y)

but by hypothesis x, y, z ∈ I , x < z < y, so we may find t ∈ [0, 1] in such a way
that z = tx+ (1− t)y, which in turn means t = y−z

y−x and 1− t = z−x
y−x . Whence,

f(tx+ (1− t)y) ≤ tαf(x) + (1− t)α f(y).

�

A consequence of foregoing theorem is

Proposition 9. Let f ∈ GCα(I); x, y, z ∈ I, with x < y < z. Then

f(y)− f(x)

(y − x)α
≤ f(z)− f(x)

(z − x)α
≤ f(z)− f(y)

(z − y)α
.

Proof. For x < y < z, is possible to find t ∈ [0, 1] for which y = (1− t)x+ tz, hence

f(y) = f

(
x+

y − x
z − x

(z − x)

)
≤ f(x) +

(
y − x
z − x

)α
(f(z)− f(x)) ,

but then

(2)
f(y)− f(x)

(y − x)α
≤ f(z)− f(x)

(z − x)α
.

In the same token, and since z = x+ z−x
z−y (z − y),

(3)
f(z)− f(x)

(z − x)α
≤ f(z)− f(y)

(z − y)α
.

Conclusion follows from (2) and (3). �

Corollary 10. If f ∈ GCα(I) then for any x ∈ I the function f̄ : I − {x} → Rα

given by f̄(u) = f(x)−f(u)
(x−u)α is increasing.
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A subset A ⊂ Rα is called generalized convex if for all xα, yα ∈ A, the number
z = (1 − t)αxα + tαyα ∈ A, for arbitrary t ∈ [0, 1]. In this context a function
g : I ⊆ R → Rα is called affine function if there exist a, b ∈ R such that for any
x ∈ I, g(x) = aαxα + bα. An immediate consequence of this fact is that any affine
function is both, generalized convex and generalized concave function.

Last part of this research is devoted to boundedness and lipschitzity of generalized
convex functions, results here are inspired basically in results from[11].

Proposition 11. If f ∈ GCα(I) then for every compact subinterval A ⊆ I and
arbitrary generalized affine function g defined on I, sup(f + g) is attained at one of
the endpoints of A.

Proof. Let A be given as A = [x, y], x, y ∈ I, therefore any z ∈ A can be written
as z = (1− t)x+ ty for some t ∈ [0, 1], hence by using properties of elements in Rα,

(f + g) (z) = f((1− t)x+ ty) + g((1− t)x+ ty)

≤ (1− t)αf(x) + tαf(y) + (1− t)αg(x) + tαg(y)

= f(x) + g(x)− tα [(f(x) + g(x))− (f(y) + g(y))] ,

or better

sup
z∈A

(f + g)(z) =

{
f(x) + g(x), si f(x) + g(x) ≥ f(y) + g(y)

f(y) + g(y), si f(x) + g(x) < f(y) + g(y)

= max {f(x) + g(x), f(y) + g(y)} .
�

Corollary 12. If f ∈ GCα(I), then f is bounded on any compact interval [a, b] ⊆ I.

Proof. For any x ∈ [a, b] there exists t ∈ [0, 1] such that x = (1− t)a+ tb and from
foregoing Theorem and hypothesis we are able to show that f(x) ≤ max {f(a), f(b)}
so f is upper bounded on [a, b]. On the other hand, for arbitrary x ∈ [a, b] it is
possible to write it as x = a+b

2
+ t, for some t such that |t| ≤ b−a

2
, but then

f(x) = f

(
a+ b

2
+ t

)
≥ 2αf

(
a+ b

2

)
− f

(
a+ b

2
− t
)

≥ 2αf

(
a+ b

2

)
−max {f(a), f(b)}

≡ k,

and f is lower bounded as well. �

Now we introduce the following

Definition 13. A function f : I ⊂ R→ Rα is named generalized Lipschitz if there
exists a constant Lα ≥ 0α in such a way that |f(x)− f(y)| ≤ Lα |x− y|α, for any
x, y ∈ I.

28

UPI Journal of Mathematics and Biostatistics 2018; 1(1): 22-31 



The following result shows up,

Proposition 14. If f ∈ GCα(I) then it is Lipschitz on any [a, b] ⊂ int(I).

Proof. Let ε > 0 with a + ε, b − ε ∈ int(I), Mα and mα be the sup and inf of
f on [a − ε, b − ε] respectively. For any x, y ∈ [a, b], say x < y, the number
z = y + ε ∈ [a + ε, b + ε] and x < y < z, hence there is t ∈ [0, 1] for which
y = tz + (1− t)x, actually, t = y−x

y−x+ε and by hypothesis

f(y) ≤ tαf(z) + (1− t)αf(x),

or better

f(x)− f(y) ≤ tα(f(z)− f(y))

=
(y − x)α

εα + (y − x)α
(f(z)− f(y))

≤ |y − x|α

εα
|Mα −mα|

= Lα |y − x|α ,

and Lα = |Mα−mα|α
εα

. Proof concludes by switching the roles of x and y. �

Theorem 15. For f ∈ GCα(I) and x, y, z ∈ I arbitraries,

f(x) + f(y) + f(z)

3α
+ f
(x+ y + z

3

)
≥ 2α

3α

[
f
(x+ y

2

)
+f
(y + z

2

)
+ f
(x+ z

2

)]
.

Proof. Without loss of generality we may assume x ≤ y ≤ z. So, for y ≤ x+y+z
3

,

x+ y + z

3
≤ x+ z

2
≤ z and

x+ y + z

3
≤ y + z

2
≤ z.

Hence there are s, t ∈ [0, 1] such that

x+ z

2
= s

x+ y + z

3
+ (1− s)z and

y + z

2
= t

x+ y + z

3
+ (1− t)z.

But then (x+y+2z)(s+t− 3
2
) = 0. In other words, (x+y+2z) = 0 or (s+t− 3

2
) = 0.

If (x + y + 2z) = 0, x = y = z and because f ∈ GCα(I), the following three
inequalities are satisfied

(1) f
(
x+z
2

)
≤ sαf

(
x+y+z

3

)
+ (1− s)αf(z),

(2) f
(
y+z
2

)
≤ tαf

(
x+y+z

3

)
+ (1− t)αf(z),

(3) f
(
x+y
2

)
≤ f(x)+f(y)

2α
.

Actually in the case x + y + 2z = 0 the result holds and is obtained just summing
up inequalities (1)–(3).
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For s+ t− 3
2

= 0, we proceed as above and get

f
(x+ z

2

)
+ f
(y + z

2

)
+ f
(x+ y

2

)
≤ (s+ t)αf

(x+ y + z

3

)
+ 2αf(z)

−(s+ t)αf(z) +
f(x)

2α
+
f(y)

2α

≤ 3α

2α
f
(x+ y + z

3

)
+
f(x) + f(y) + f(z)

2α
.

The case x+y+z
3
≤ y runs in a similar fashion. �
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